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Abstract 

We consider 4d and 5d M = 2 supersymmetric theories and demonstrate that in general their Seiberg- 
Witten prepotentials satisfy the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations. General proof for 
the Yang-Mills models (with matter in the first fundamental representation) makes use of the hyperelliptic 
curves aud underlying integrable systems. A wide class of examples is discussed, it contaius few uuder- 
standable exceptions. In particular, in perturbative regime of 5d theories in addition to naive field theory 
expectations some extra terms appear, like it happens in heterotic string models. We consider also the 
example of the Yang-Mills theory with matter hypermultiplet in the adjoint representation (related to the 
elliptic Calogero-Moser system) when the standard WDVV equations do not hold. 
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1 Introduction 


More than two years ago N.Seiberg and E.Witten proposed a way leading to considerable progress in 

understanding of the low-energy effective actions. Among other things, it provided a non-trivial confirmation 
of the old belief that the low-energy effective actions (the end-points of the renormalization group flows) fit into 
universality classes depending on the vacuum structure of the theory. The trivial (and generic) case is that of 
isolated vacua, i.e. when there are no marginal degrees of freedom and effective theories on the moduli space 
of the vacua. If degenerated vacua form finite-dimensional varieties, the effective actions can be essentially 
described in terms of Id systems]^ (representatives of the same universality class), though the original theory 
lives in a many-dimensional space-time. Moreover, these effective theories can be integrable ^ Originally, this 
phenomenon was studied in the context of 2d topological theories, while the Seiberg-Witten (SW) construction 
can be considered as an extension of this approach from two to four space-time (“world sheet”) dimensions. The 
natural context where one encounters continuous degeneration of vacua in four dimensions is supersymmetry, 
the SW construction per se concerns the M N = 2 SUSY Yang-Mills models. Integrable structure behind the 
SW theory has been found in and later examined in detail in |Q|-[^. Its intimate relation to the previously 


known topological theories has been revealed recently in |12 where it was proven that the dd prepotentials do 
satisfy the WDVV equations MM- The purpose of the present paper is to give more evidence (and more 
examples) confirming this relation. 


Naively, the SW low-energy effective action is not topological: it describes propagating particles. This is, 
however, a necessary consequence of the vacuum degeneracy and unbroken supersymmetry. All the correlators 
in the low-energy theory can be expressed through the correlators of “holomorphic” (or “pure topological”) 
subsector. Technically, propagators are contained in the {(pcj)) correlators, (derivatives of) which are related by 
the Af = 2 supersymmetry to the {(fxj)) ones. This is summarized in the statement (sometimes called special 
geometry) that the low-energy effective action is completely expressed in terms of a holomorphic prepotential 
F{ai), gfjE = 0. Even if one accepts the term “topological” for this kind of models, what we consider is 
a Ad topological theory, a priori very different from the familiar (2d) examples. However, if one believes in 
the above-mentioned universality, it is clear that only the structure of the moduli space of vacua (but not the 
space-time dimension) is essential. Since the vacuum variety in the SW theory is finite-dimensional, one should 
expect that this theory is not too far from the conventional topological models, devised to describe exactly this 
kind of vacua; as was shown in |p^ and confirmed below in the present paper this is indeed the case. The way 
to see this is to recall that the prepotential of conventional topological theory satisfies the WDVV equations 
]r^ , Q and so does the prepotential of the SW theory |Q (similar claims were made in 11,@)- 

Mathematically, the WDVV equations reflect the specific properties of the moduli space of Riemann spheres 
with punctures 0,11, in the 2d context these spheres being interpreted as the world sheets. Naturally, in 
the 4d context they could be substituted by the four-dimensional world hypersurfaces, and naively instead of 
integrable systems, associated with the spectral curves one would deal with those, associated with spectral 

^By Id (0 -h 1) systems here we mean the conventional classical/quantum mechanical systems with finite-dimensional phase 

space of degrees of freedom is equal to the rank of the gauge group). 

^When degenerated vacua form infinite-dimensional structures one should expect generalized integrability (with spectral curve 

substituted by spectral hypersurface). 
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hypersurfaces - with no reason for the standard WDVV eqs. to emerge. This is of course true for “generic 
topological 4(i models”, but this is not the only relevant problem that can be addressed in four dimensions. If 
one instead emphasizes the issue of vacuum structures and universality classes, then the standard WDVV eqs 
should be expected in the {not the most degenerate from the 4d point of view) situation with finite-dimensional 
(in the space of all fields) variety of vacua - but the conventional derivation of these equations is not (at least, 
directly) applicable. Moreover, as argued in [Q, the SW example emphasizes that the natural form (and 
thus the structure behind) the WDVV eqs is covariant under the linear transformations of distinguished (flat) 
coordinates on the moduli space of vacua - what is true, but not transparent in the conventional presentation. 
For us, all this implies that the true origin of the WDVV eqs is still obscure. 

Our goal in this paper is rather modest: given (relatively) explicit expressions for particular SW prepotentials 
we check that they indeed satisfy the WDVV eqs. 

In sect.^ we briefly remind what are the WDVV eqs and how they are related in |]^ to the algebra of 
meromorphic 1-differentials on spectral curves. 

Then in sect.^ we discuss the perturbative prepotentials in Ad and 5d Af = 2 SUSY Yang-Mills theories 
which are expected to satisfy the WDVV eqs themselves. We find that this is indeed true, but only when 
matter hypermultiplets are absent or belong to the first fundamental representation of the gauge group (the 
representation of the lowest dimension). Remarkably, this is in agreement with the fact that no Seiberg-Witten 
curves are known beyond such cases, and there are no string model to produce them in the field theory limit. 

In sect. H the WDVV eqs are derived at the non-perturbative level from the representation of the prepotential 
in terms of spectral Riemann surfaces. 

The general reasoning is illustrated in sect.^ by examples which include Af = 2 SUSY YM models with 
classical simple gauge groups and the matter hypermultiplets in the first fundamental representation. Also 
the 5d SU{Nc) pure gauge model is analyzed, and Seiberg-Witten theory is shown to produce a prepotential, 
corrected as compared to the naive field-theory expectations. Exactly these corrections are necessary to make 
the WDVV equations true. 

Finally, in sectthe SU{Nc) model with the matter hypermultiplet in adjoint representation is analyzed 
in detail. We demonstrate by explicit calculation that the WDVV equations are not satisfied in this case. 
Technically the reason is that the spectral curve is essentially non-hyperelliptic and the algebra of 1-differentials 
(though existing and being closed) is non-associative. The deep reason for the breakdown of WDVV in its 
standard from is the appearance of new modulus: the parameter t of the complex structure on bare elliptic 
curve, which is interpreted as the ultraviolet (UV) coupling constant of the UV-finite Ad theory. Further 
understanding of the relevant deformation of the WDVV equations (presumably related to the analogue of 
WDVV eqs for the generating function of the elliptic Gromov-Witten classes [|^) is important for further 
investigation of string models (since r is the remnant of heterotic dilaton from that point of view). 
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2 The full set of the WDVV equations 


The WDVV equations are non-linear relations for the third derivatives of the prepotential 

d^F 

Fijk = 


( 2 . 1 ) 


dajdajdaK 

written in the most convenient way in terms of matrices F/, {Fi)mn = Fimn- The moduli ai are defined up 


to linear transformations (i.e. define the flat structure on the moduli space) which leave the whole set (2.4) 
invariant. 


Any linear combination of these matrices can be used to form a “metric” 

Q = ^ QkFk- 


K 


Generically it is non-degenerate square matrix and can be used to raise the indices: 


Cf) = Q-^Fi, or = [Q-^)^^Filn- 

The WDVV equations state that for any given Q all the matrices commute with each other: 

CIQ) c-W) = cf'^ V/, J 

In particular, if Q = Fr-, then = F^^Fi and 

FjFZ^Fj = FjFZ^Fj, V/,J,if. 


( 2 . 2 ) 


(2.3) 


(2.4) 


(2.5) 


If ( |2.5| ) holds for some index K, say FT = 0, it is automatically true for any other K (with the only restriction 
for Fk to be non-degenerate). Indeed, R since F/ = FoCj^^ 




FiF^^Fj = Fo (c'f)(C'i^°))-iC'f) 


( 2 . 6 ) 


is obviously symmetric w.r.t. the permutation I J. Of course, it also holds for any other non-degenerate Q 


in (2.2). 


Eqs.(^) are just the associativity condition of the formal algebra 

ipi O ipj = 

(2.4) {pi o Pm) opj = pj o (pm o pj). 


(2.7) 


The way to prove the WDVV eqs, used in and in the present paper, is to obtain (2.7) from a family of 
algebras formed by a certain set of (meromorphic) (l,0)-forms on the curves, associated with particular 4d 
Yang-Mills models: 

dWiiOdWjiC) = C^Q'lfjdWKiOdQiC) mod {dcuiO, dA(C)) • (2-8) 

If this algebra exists and is associative we get the WDVV equations in context of the SW approach. The structure 
constants Cfj depend on the choice of the linear combination dQ{() = ^iK^WKiO- In all relevant cases 
dWi{C) ~ Pi{0, where for appropriately chosen coordinates {C}, Pi{0 are polynomials (perhaps, of several 

® This simple proof was suggested to us by A.Rosly. 
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variables), thus dQ{() ~ Q'iC) = ^kPk{C)- Also dw(C) ~ P'iOi d,\{Q ~ 'P(C) with some polynomials 


V'{(), V{C) and (2.4) is equivalent to a certain associative algebra of polynomials 


PiPj = C^^^fjPKQ' mod {V',V). 

In order to obtain the WDVV equations one still needs to express the structure constants matrices through 
Fi (which, in contrast to Ci, are independent of the “metric” Q). In all relevant cases the third derivatives of 


(2.9) 


the prepotential are expressed in terms of the same 1-differentials as in (2.S): 

dWidWjdWK 


PijK = res 

duj—0 


dXduj 


( 2 . 10 ) 


where SXAdcu is the symplectic form on the phase space of Id integrable system, associated with given Ad model. 
From (|2.2| ) and ( ^.10| ), 

_ dWLdWKdQ 

Qlk - quPLKM = res -- (2.11) 


M 


and according to (^) 


PlJK = jjQlK- 


( 2 . 12 ) 


Given (g^ and ( |2.10D this provides the proof of the WDVV eqs. 

We derive eq.(p.lC|) in detail in sect.0 and consider particular examples of the SW theory and associated 


algebras (2.8) in sect.^. Let us now make several comments. 

Conventional derivations of the WDVV equations rely upon the assumption that at least one of the “metrics” 


Q in (^) is flat. Under this assumption one can relate the associativity equation (^) to the flatness of the 
connection 

zCf^ (2.13) 


-t 


with arbitrary spectral parameter z, and then to the theory of deformations of Hodge structures and the standard 
theory of quantum cohomologies. There is no a priori reason for any 

dWidWjdQ 


Qij = res 

duj=o dXduj 

to be flat and in this context such kind of derivation - even if exists - would look somewhat artificial. 


(2.14) 


In our presentation the WDVV equations depend on a triple of differentials on the spectral curve, dio, dX, 
dQ. The first two, duj and dA, describe the symplectic structure Suj A SX of the relevant integrable system, 
this is the pair, discussed in and in another context in The choice of the third differential 

dQ is more or less arbitrary.^ Sometime (for example, for hyperelliptic spectral surfaces) the algebra (pT^) 


depends only on the pair dQ, duj (or Q', V' in the formulation (2.9)). We shall demonstrate below that just 


in this case the algebra (2.8) is associative and the WDVV equations are fulfilled. The pair of differentials 
in this case is essentially the same as arising in many related contexts: {p, q) in minimal conformal models, a 


pair of polynomials in associated matrix models 


|, a pair of operators in the Kac-Schwarz problem 


and in a bispectral problem in the theory of KP/Toda hierarchies stc. The simplest example of this 


^ In the conventional Landau-Ginzburg topological models the spectral curve is Riemann sphere. In this case dQ can be 
considered as “dressed” dX: dQ{X) = q{X)dX with some polynomial q{X) and there is a distinguished choice, g(A) = 1, i.e. dQ = dX 


when the associated metric is fiat . 
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structure is the family of associative rings in the number theory, with multiplication ab = qc + pd with co-prime 
q and p > q where a, b, c belong to the field of residues modulo p, while d is defined modulo q. All the algebras 
with multiplication rule a -q b = c are isomorphic, but if considered as a family over the “moduli space” of g’s, 
they form some new non-trivial structure. In this oversimplified example the “moduli space” is discrete, but 
it becomes continuous as soon as one switches to the families of the polynomial rings ( ^.9| ). One can assume 
that it is this structure - a family of associative algebras (not just a single associative algebra) - that stands 
behind the WDVV equations, and then it should be searched for in the theory of quantum cohomologies, and 
in topological theories. (Let us emphasize El that even if some particular metric Q is flat, this is normally not 
so for all other Q’s.) 


3 The SW prepotentials. Perturbative examples 


3.1 General formulas 


If the exact prepotential of the SW theory satisfies the WDVV equations, the same should be true for its 
perturbative part per se, since in Ad SUSY YM theory the perturbative contribution to effective action is 
one-loop, pure logarithmic, and well defined as a leading term in 1/a expansion. In [T^ we discussed this 
phenomenon for the pure gauge Af = 2 SUSY model and in this section we are going to present more general 
examples. 


Perturbatively, the prepotential of the pure gauge N = 2 SUSY YM model with the gauge group G = SU (V^) 
is given by 


Uo = i ^ {Ur - ar ')'^\ og{ar - ttr ') = - ar ' flog{ar - ttr'), ^ 0^=0 (3 2) 

l<r<r' <Nc r,r' l<r<Nc 

This formula establishes that when v.e.v.’s of the scalar fields in the gauge supermultiplet are non-vanishing 
(perturbatively Ur are eigenvalues of the vacuum expectation matrix {(f)), the fields in the gauge multiplet 
acquire masses m^r' = Ur — ar' (the pair of indices (r, r') label a field in the adjoint representation of G), and 


F=— (mass)^ log(mass). 


Now, the formula (|3.2|) can be easily generalized. 


(3.2) 


There are two origins of masses m Af = 2 SUSY YM models: first, they can be generated by vacuum values 
of the scalar (j) from the gauge supermultiplet. For a supermultiplet in representation R of the gauge group G 
this contribution to the prepotential is given by the analog of the Coleman-Weinberg formula: 

Fr = i^Tr/j logcj), (3.3) 


and the sign is “-I-” for vector supermultiplets (normally they are in the adjoint representation) and ” for 
matter hypermultiplets. Second, there are bare masses ijir which should be added to 4> in ( |3.3| ). As a result, 
the general expression for the perturbative prepotential is 


U = i ^ Tr^(</ + M„G)2 log((/ + M„G)- 

vector multiplets 

^ (3.4) 

X! TTR{cl) + mRlRflog{(j) + mRlR) + f{m) 

hypermultiplets 
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where the term f{M) depending only on the masses is not fixed by the (perturbative) field theory but can be 
read off from the non-perturbative description and Ir denotes the unit matrix in representation R. 

Now let us consider some examples. Sometimes, when explicit calculations are tedious, we have used the 
computer simulations with the MAPLE program to check the perturbative formulas for the groups of low ranks. 
The proof of these formulas comes from the consideration of sect.5.2. We start with the gauge group SU{Nc) 
and consider its different representations. 


3.2 An models 


Formula (3.4) can be immediately rewritten in terms of the eigenvalues at of {4>)f in the fundamental rep¬ 
resentation F. Since the adjoint representation A G F x F, the eigenvalues of the same {(p) in the adjoint 
representation are equal to Qr — ar'. Thus, the contribution of the adjoint hypermultiplet is equal to 


Fa = ±- — ar' + M)^ l0g(ar — Ur' + M), 


(3.5) 


in accordance with the original formula ( |3.lD . The contribution of each fundamental hypermultiplet is 

Ff = —- ^(or + m)^ log(ar + m). 


(3.6) 


For the hypermultiplet in the symmetric/antisymmetric square of the fundamental representation 

1 


Fs = —- ^ {ttr + ar' + rnf log(ar. -I- a^' -I- m), 

r<r' 

Fas = — t ^ Ar- + ar' + mf log(ar -I- + m). 


r<r' 


(3.7) 


In further consideration we change the sign of masses to make them more similar to variables a’s. 

Normally, in Ad model there is only one vector multiplet in the adjoint representation of the gauge group. 
In order to preserve the asymptotic freedom, the set of hypermultiplets should satisfy 


A^c - X! ^ 0, (3.8) 

R 

where tir is the number of hypermultiplets in representation R and TiRtah = TRSab (i.e. Tr = 1/2, Ta = Nc, 
Ts = ^* 2 ^^ , Tas = Thus, there are six choices for the UV-finite models: 


Na = 1, 

Nf = 2Nr, 

Ns = Nas = 1 , 

(3.9) 

Ns = l, NF = Nr-2, 

Nas = 1. Nr = Nr+ 2, 

Nas = 2, Nr = 4, 
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and four series of models with dynamically generated scale Aqcd, 


Ns = l, = 

Nas = 1. IVf = 0,1,...,7V, + 1, 
Nas = 2, Nf = 0,1,2,3. 


(3.10) 


In we checked explicitly that (0 satisfies the WDVV eqs. Simple computer simulations imply that 


(3.4) is also consistent with the WDVV eqs, at least, if there is only one vector multiplet, if all hypermultiplets 


are in the (first) fundamental representation of the gauge group SU{Nc) and if (cf. with (3.2)) 

fF{m) = \og{m, - m^/) 

Generally, if one considers the prepotential of the form 


(3.11) 


Fq + tFf + K fF{m) (3-12) 

the WDVV equations are satisfied with arbitrary r and K = r^/4. Note that for r = —2 one can consider ( ^3.12 ) 
as a perturbative expression with the ’’extended” gauge group SU{Nc + Nf)- 

As for the other possible representations of SU{Nc), the prepotential satisfies the WDVV equations iff r is 
adjusted so that the leading term at large a is zero. This is equivalent to the condition of the ultraviolet finiteness 
(or zero /3-function), but without special matching of the multiplet number the coefficient r is non-integer. Say, 
for Ns hypermultiplets in the symmetric representation r = Ta/NsTs = Ns{N°+2)- 

The WDVV equations, however, are always fulfilled for the symmetric and antisymmetric representations 
with zero masses. We will discuss a little later a general empirical rule that allows one to determine whether 
the prepotential satisfies the WDVV eqs. 


3.3 Bn, Cn, Dn Hiodels 

Now let US turn to the other groups. The eigenvalues of {(f>) in the first fundamental representation of the 
classical series of the Lie groups are 


{SO{2n + l)) : 



Cn (Spin)) : 

dm 0-1 5 ■ ■ ■ 5 dfi^ , 

(3.13) 

Dn iSOi2n)) : 

{q-I , ., dfi , Q-i, On} 



while the eigenvalues in the adjoint representation have the form 


Bn ■ 

{±aj-,±aj ± Ofe}; 

j < k <n 


Cn : 

{±2aj-, ioj ± Ofc}; 

j < k < n 

(3.14) 

Dn : 

{±aj±ak}, j 

< k < n 
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Analogous formulas can be written for the exceptional groups too. Then, the WDVV equations in the pertur¬ 
bative regime should be true for the pure gauge theory with any group (including exceptional ones) ^ The 
prepotential in the pure gauge theory can be read off from the formula ( [1.14 ) and has the form 

Fo = i ^ ((ui - aj)^ log (oi - Qj) + (oi -b Oj)^ log(ai -b a^)^ + ^ X! logOi; 


Bn : 


Cn ■■ ^0 = ^ X! ((“* “ aj)^log(ai - Qj) + (Oi -b aj)^log(ai -b a^)^ -b 2^0^ loga^; 

i,i i 

Fq = - ^ ((oi - Ujf log (a* - aj) + (a* -b ajf log (a* -b Oj)^ 


(3.15) 


Dn ■■ 


Let us prove that these prepotentials do really satisfy the WDVV equations. The proof is much similar to that 
presented in paper |l^. We start with the general prepotential of the form 

F = i ^ (a- {a^ - ajf log (a* - Oj) -b a+ (a* -b a^f log (oi -b a^)) + | X! (3.16) 

i,i i 

a± and ry being arbitrary constants. Then, 

f / tti \ T ^mn(l )(i- ^ni') ^ni'} ^mz) 

ijmnj — r 


where 


The inverse matrix 


^mk — 


+ (-b - I Smi^n 


_ Qfc _ ^ 

a+(am - ak) + a-(am + ak)’ rj 


(3.17) 


{(F^ )mn} — “b (5mnCkfcm(l 


(3.18) 


(3.19) 


Now in order to prove the WDVV equation, it is sufficient to check the symmetricity w.r.t. the indices of the 


expression (F- ^FjF^, )q^. From formulas (3.17)-(3.19), one can obtain that 


iK^FjFk^)c.0 = ™ + <5a/3(l - <5,„)(1 - 4o)(l - - 5,„)(1 - 4/?) ( ^ + E ^ 1 + 


Q-iaakp 


aj/3 


Oij . OCjn 

n^j 


+ 4 o(l - < 5 ^a)a^a ( ^ - ^(1 - 4 / 3)(1 - 4 / 3 ) ) + 4 / 3(1 - 5 kp)ak 0 f ^ - ^(1 - 4 a)(l - 4 a) ) = 


ajfj 


OiiCXk I r /I r r r \^ia.^kf3 

T OiQ, Ofca ^jcx) 

«i/3 


xja 


+ SjaSjfS I-b - 1 


-\-5jaaia ( —- —{1 — 4/3 — 4/3) ) + ^jPOtkp ( — -^(1 — 4a — 5ja) 

aj ajp ) \aj aja 


(3.20) 

where it is used that i ^ j ^ k. The first three terms are evidently symmetric with respect to interchanging 
a (3. The symmetricity of the last two terms implies the identity 

a/c _ ak/3 \ ^ . f ^ ^ 


a 


ij \ I — ^kj 

^3 J \^3 ^30 J 


(3.21) 


^The rank of the group should be bigger than 2 for the WDVV equations not to be empty, thus for example in the pure gauge 
G 2 -model they are satisfied trivially. We have checked that the WDVV equations hold for the perturbative prepotential of the 
pure gauge F 4 model. Note that the corresponding non-perturbative SW curve is not obviously hyperelliptic. Thus, our general 
reasoning in sect.4 is not directly applicable to this case. 
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This relation is identically satisfied with any 77 , but only at a+ = a_ or = 0. These values exactly correspond 
to the prepotentials for the classical groups (3.15) . 


Consider now the theory with the gauge group B^, Cn or and the matter hypermultiplets in the first 
fundamental representation. Then, one again needs to add to the prepotential some appropriate terms fp{M) 
which depend only on masses and can not be determined from perturbative quantum held theory. The correct 
form of these terms can be obtained from the requirement for the prepotential to satisfy the WDVV equations; 
the result reads 


F = Fo + rFp + ^ X! ~ ~ ^ 1 -') + log + ™t')) + 


r(r + s) 2 1 
+ zt 


(3.22) 


m. 


where s = 2 for the and series and to s = —2 for the Cn series. This formula can be also obtained from 
the perturbative limit of the non-perturbative theory, see sect.5.2. Note that, again at the value r = —2, the 
prepotential ( ^. 22 | ) is associated with the group of higher rank. At the same time, at r = 2 and G = Cn one 
can consider /(m) as coming from the vector multiplet of the group and, inversely, at r = 2 and G = Dn 
f{m) comes from Cnj- 

The last 4d example, which is also of great importance, is the theory with matter in the adjoint representation. 
This theory is associated with the Calogero model (which is analyzed non-perturbatively in detail in sect. 6 ). 
In this case, the mass M of the hypermultiplet is not included into the set of moduli (otherwise the conformal 
covariance would make the matrices in the WDVV eqs degenerate and non-invertible). Keeping this in mind. 


one can easily check that the corresponding expression (3.4) does not satisfy WDVV eqs. This result can be 
also confirmed non-perturbatively, and we reveal its origin in the detailed consideration of sect. 6 . 


To formulate an empiric rule, one may say that the WDVV equations are satisfied by perturbative prepoten¬ 
tials which depend only on the sums of the type (a^ ± 67 ), where moduli Oi and bj are either periods or masses. 
This is the case for the models that contain either massive matter hypermultiplets in the first fundamental 
representations (or their dual), or massless matter in the square product of those. Troubles arise in all other 
situations because of the terms with ± 67 ± Cfe ± .. 

This general rule can be understood in terms of the residue formulas, since it reflects the typical structures 
arising on the sphere with punctures, which corresponds to the perturbative limit of the non-perturbative 
hyperelliptic curve as explained in sect.5.2. It is also consistent with the D-brane description of the SW theory 
and implies that the WDVV equations may have some underlying structure behind this. This rule can be also 
easily interpreted in D-brane terms, since the interaction of branes is caused by strings between them. The 
pairwise structure (a^ ± bj) exactly reflects this fact, and bj should be identified with the ends of string. 


Let us note that the non-pairwise terms in the prepotential drastically destroy the specific structure of 


matrices (3.17)-(3.19), spoiling the WDVV equations. 


®The inverse statement is wrong — there are some exceptions when the WDVV equations hold despite the presence of such terms 
— e.g., for the exceptional groups. 
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3.4 Beyond Ad 


This connection can be extended even further if one enlarges the set of multiplets and adds more vector multiplets 
(which all enhance the asymptotic freedom). A natural way to do this is to consider some compactification of 
YM theory from higher dimensions: then the Kaluza-Klein mechanism will produce an infinite tower of vector 
multiplets in the adjoint representation, with masses being all dependent on the finite number of parameters of 
the compact manifold. In the simplest case of toroidal compactifications, one has: 


{M} = Mn, n = 0,l,2,... 
for compactification from 5d onto a circle [pd| , or 


(3.23) 


{M} = Mini + M2n2, ni, n2 = 0,1, 2,... 


(3.24) 


for compactihcation from 6d onto a torus. In these cases the formula (3.4) would contain infinite sums and 
require some regularization. As a result, in the 5d case, the second derivative of the prepotential behaves like 
log(sinh^), i.e. the prepotential is of the form (|y), Li^ (e^) = J2k=i -^*3 = ~log(l — e^) = 

— I — log(2 sinhx/2), while, in the 6d case, the second derivative is rather logarithm of the Jacobi theta- 
function log 0 and the corresponding prepotential can be represented as a sum of three-logarithms. 

String theory associates new degrees of freedom with wrapping of string (and brane) configurations around 
the compactified directions and more sophisticated sums of three-logarithms appear in the expression for the 
prepotential. 


Let us look at the 5d theory more carefully. From now on, we normalize so that the mass parameter 
M is equal to 1. One can easily check that the WDVV equations are not satisfied by naive three-logarithm 
prepotential discussed in the literature ||l^. However, this situation can be corrected by adding some cubic 
terms unexpected from the held theory point of view. These terms are equal to cao^jo-k so that the 

complete perturbative prepotential satisfying the WDVV eqs is 



(3.25) 


where atj = at — aj. The cubic terms in (|3.25|) could be compared with the f7^-terms in the perturbative part 
of the prepotential of heterotic string, coming from the requirement of modular invariance p8| . We show in 
sect.5.2 how these terms can be obtained in the perturbative limit of the SW non-perturbative description of 
5d theory. 


4 Non-perturbative proof of WDVV equations 

4.1 SW theory and the general theory of Riemann surfaces 

Non-perturbatively, the SW construction implies that for any Ad Af = 2 SUSY Yang-Mills model one associates 
a (hnite-dimensional) integrable system, its phase space is a family of abelian varieties (Hamiltonian tori) over a 
moduli space AA , parametrized by the angle and action variables respectively. The phase space itself is directly 
’’observable” when the Ad model is compactified to 3d, i.e. defined in the space-time x rather than 
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then the angle variables of the integrable system are identified with the Wilson loops along the compactified 
dimension in the 4c? model In the non-compactified case the only four-dimensional observables are the 
periods of the generating 1-form dS = ”pdq^^ along the non-contractable contours on the Hamiltonian tori. The 
period matrix for the given system consists of the second derivatives of the prepotential while the B-periods of 
dS are its first derivatives. H-periods of dS define the flat structure on moduli space. 


In the context of SW theory one actually deals with specific integrable systems associated with Riemann 
surfaces (complex curves). This can be understood from the point of view of string theory, which relates the 
emergency of Yang-Mills theories from string compactifications to emergency of Hitchin-like integrable systems 
from more general systems associated with the Calabi-Yau families. In practice it means that the families 
of abelian varieties, relevant for the SW theory are in fact the Jacobian tori of complex curves. 

In the context of SW theory one starts with a bare spectral curve, with a holomorphic 1-form dec, which is 
elliptic curve (torus) 

3 3 , 

Eir) : = W_{x - Bair)), ^ea(T)=0, duj =—, (4.1) 

0=1 0=1 y 

when the YM theory is UV finite, or its degeneration r ^ ioo - the double-punctured sphere (“annulus”): 


1 

w ± — , 
w 


1 dw 

ui =F —, dw = — 
w w 


, <tw = — (4.2) 

From the point of view of integrable system, the Lax operator C{x, y) is defined as a function (1-differential) on 


the bare spectral curve , while the full spectral curve C is given by the Lax-eigenvalue equation: det(£(a;, y) — 
A) =0. As a result, C arises as a ramified covering over the bare spectral curve: 


C : V{X]x,y) = 0 


(4.3) 


In the case of the gauge group G = SU{Nc), the function B is a polynomial of degree W in A. 

The function V depends also on parameters (moduli) s/, parametrizing the moduli space M. From the 
point of view of integrable system, the Hamiltonians (integrals of motion) are some specific co-ordinates on the 
moduli space. From the four-dimensional point of view, the co-ordinates s/ include Si — (the Schur polynomials 
of) the adjoint-scalar expectation values hk = j{Tt4>^) of the vector J\f = 2 supermultiplet, as well as = m,, 
- the masses of the hypermultiplets. 


The generating 1-form dS = Xdw is meromorphic on C (hereafter the equality modulo total derivatives is 
denoted by “^”). The prepotential is defined in terms of the cohomological class of dS: 


ai 




AI o Bj = Sij. 


(4.4) 


The cycles Aj include the A^’s wrapping around the handles of C and A^’s, going around the singularities of 
dS (for simplicity we assume that they are simple poles, generalization is obvious). The conjugate contours Bj 
include the cycles Bi and the non-closed contours ending at the singularities of dS (see sect.5 of for more 
details). The integrals Jg dS are actually divergent, but the coefficient of divergent part is equal to residue of 
dS at particular singularity, i.e. to a^. Thus the divergent contribution to the prepotential is quadratic in a^. 
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while the prepotential is normally defined modulo quadratic combination of its arguments (since only its third 
derivatives appear in the WDVV equations). In particular models g dS for some conjugate pairs of contours 
are identically zero on entire Ad: such pairs are not included into our set of indices {/}. 

In the context of SW theory with the data {Ad,C, dS} the number of independent aj is exactly the same as 
dime Ad. This allows us to use the functions ai{s) as co-ordinates on moduli space Ad. 


The self-consistency of the definition (4.4) of F, i.e. the fact that the matrix is symmetric is 


guaranteed by the following reasoning. Let us take the derivative of dS over moduli: 

ddS dX , dV duj , 


(4.5) 


where prime denotes the A-derivative (for constant x, dw and si). Note that we did not include r into the set of 
moduli {s/}, therefore we can take sj-derivatives keeping (x, y) (and thus doj) fixed: the variation of coordinate 
on bare curve would not change the cohomology classes. The variation of F(A; x,y) = 0 


dV 

V'dX + —duj = 0, 

OLO 


(4.6) 


implies that the zeroes of du: and V' on C coincide (since d\ and du: are supposed to have non-coinciding zeroes), 
and, therefore, ^ is a holomorphic 1-differential on C. If dV/dsj is non-singular, dvj is also holomorphicj^- 
this is the case of dvi, while dv^ have poles encircled by contours A^. The second derivative 

52 F 


dajdaj 

is essentially the period matrix of the punctured Riemann surface C 




ij 


dvT. = 


/ dvi 
Jbi 


f dBj 


dS 


(4.7) 


(4.8) 


The second term at the r.h.s. can be non-vanishing if the contour Bj is not closed. The end-points of such 
contours (punctures) are included into the set of moduli (this actually implies that a local coordinate is specified 
in the vicinity of the puncture). The derivative is actually a point, thus, /sbj dS = ^ (^X = This 

term also cancels the possible divergency in Jg^ dvL, making F/j finite. 

As any period matrix F/j is symmetric: 


IJ 


^(T/J — Fji) f dvK f dvL = 


= E 


dvK / dvL - 
Jb[ 



(4.9) 


The first sum at the r.h.s. is equal to 


E 


dvK 


Ai 


iBi 


IB, 


dvL — / dvK <p dvL ) = res(uifdwL) = 0 


(4.10) 


since all the singularities of dvK are already taken into account by inclusion of A, into our set of A-cycles. The 
second sum is also zero because the only non-vanishing entries are those with K = L. 

^ Since curves with punctures and the corresponding meromorphic differentials can be obtained by degeneration of smooth curves 
of higher genera we do not make any distinction between punctured and smooth curves below. We remind that the holomorphic 
1 -differentials can have at most simple poles at the punctures while quadratic differentials can have certain double poles etc. 
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In this paper we also need the moduli derivatives of the prepotential. It is easy to get: 


^ dsM Ja, Jaj ^ 


ij 


dv 


K 


ddvi 


M 


/ dvK f 
J Bi J Ai 


ddvL \ 

dsM J 


+ ^KLM = 


= res ( duif-—^ ) + Y,klm 
osm ) 


(4.11) 


where 


^KLM= 


dvK 


ds 


dS 


M 

asr 


dv^f dv,-l 

A, Ja, dsM 

‘ Sbm ‘ 3i>Kr 


dS 


(4.12) 


is the contribution of the moduli dependence of punctures. 


The residue in (4.11) does not need to vanish, since the derivatives w.r.t. the moduli produces new singu¬ 


larities. Indeed, from (4.5) one obtains 


ddvL 

dsM 


d^V duj 


dV 

dSL 


dsLdsM'P' \dsL) \ ds 

f dV / dsLdV/dsM\ 


dV dV duj dV dV Vdco 
+ 


dV \ ^ _ 

Mj v dsLdsM {vy ' dsLdsM {V'Y 




d'^r 


duj 


(4.13) 


\ V J dsLdsM 
and this expression has new singularities (second order poles) at the zeroes of V' (i.e. of duj). Note, that the 


contributions from the singularities of dV/dsL, if any, are already taken into account in the l.h.s. of (4.11). 
Picking up the coefficient at the leading singularity, we obtain: 




^KLM = — res 


dP dP dP duj^ 


= res 


dvxdvLdvM 


du,=o dsK dsL dsM [P'YdX dw=o dwdX 


(4.14) 


The integrals at the l.h.s. of ( 4.11 ) serve to convert the differentials dvj into canonical ones dWi, satisfying 
dWj = Sij. The same matrix dvj relates the derivative w.r.t. the moduli sj and the periods a/. Putting 
all together we obtain (see also pi||): 


dFjj dWjdWjdvK 

= res 


ds^ du)=0 
d^F dFij 


duidX 

dWidWjdWx 


(4.15) 


= res 


da^da'^da^ da^ dui=o 


diodX 


4.2 Algebra of 1-differentials 


We consider particular examples of the algebra (2.S) in sect||. Here we sketch some common features of 
these examples that seem to be relevant for existence of such algebras and show that they always exist in the 
hyperelliptic case. 


1) The linear space of differentials dWj in (^) (or the space of dvj in (O)) differs a little bit from the 
set of all holomorphic 1-differentials^ on punctured ^ spectral curve C for the following reasons. In elliptic 
(UV-finite) cases, when the bare spectral curve is E(t), dcu is holomorphic on C, but it is not included into the 
set {dWi}, because the algebra of dWi is defined modulo diu. Up to such possible corrections, the number of 
linearly independent dWps is 5 -|- n, where g is the genus of C and n -I- 1 - the number of punctures. 

®For the gauge groups Bn, C'n, Dn one should take all 1-differentials which are odd under the involution A —> —A. 

®We mean here by ’’punctured” that the ’’holomorphic differentials” can have at most simple poles at punctures. 
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2) The products dWjdWj are holomorphic quadratic differentials on the punctured curve C. There are 
{g+n)ig+n-i) (g+n-iKg+n- 2 ) ^ products, but at most 3 g —3 + 2 n of them are linearly independent, since 
this is the quantity of independent quadratic differentials. 

3) We want to obtain an associative algebra of 1-differentials dWj, 

dWi o dWj = Y.^LdWK (4.16) 

K 

which is an ordinary algebra of multiplications modulo duj and dX. In addition to these two 1-differentials 
one should also specify dQ = qjdWi. Then, any quadratic differential can be represented as their “linear 
combination”, namely: 

dWidWj = CfjdWK^ dQ + dWfjdu + dW^jdX (4.17) 

and existence of such a representation follows already from the estimation of the number of independent ad¬ 
justment parameters. 

For example, if there are no punctures, all dWj are holomorphic (have no poles) and so does dio (which is not 
included into the set {dWi}), while dX has the second order pole in a single point (this is literally the case for 
the Calogero model, see sect. 6 ), then dW^j = J2 k has g — 1 adjustment parameters (g — 1 structure 

constants Cfj with K = 1,2, ...,g—1), while dWfj and dWfj are holomorphic differentials, the latter one has 
the second order zero at the puncture, i.e. they form g- and g — 2-parametric families respectively. Thus, totally 
we get (g — 1) -I- g -I- (g — 2) adjustment parameters, exactly exhausting the 3g — 3-dimensional set of independent 
holomorphic quadratic dWidWj. Accurate analysis shows that the matching is preserved at punctured surface 
as well. 


4.3 Associativity and the WDVV equations 


However, the existence of the closed algebra does not immediately imply its associativity. Indeed, to check 
associativity one needs to consider the expansion of products of the 3-differentials: 

dWidWjdWK = dWijKdQ^ + d^W^ij^duj + d?W^j^dX (4.18) 


where dWijxdQ is a set of holomorphic 1-differentials not containing duj. Now repeating the above counting, we 
get that there exist totally (g — l)-|-(2g — l)-|-(3g —5), since are holomorphic quadratic differentials that 

do not contain dX, and d'^Wjjj^ are holomorphic quadratic differentials with second order zeroes. Thus, for the 
5g — 5 independent holomorphic 3-differentials we have too many, namely, 6g — 7 parameters. Therefore, among 
the differentials dWuxdQ, d'^W^jj^ and d'^Wjjj^ there are some relations that generally spoil associativity. We 
present in sect.6 the explicit example where associativity is indeed violated. 


The situation simplifies different in the hyperelliptic case when there is the additional Z 2 -transformation 
tr : g —> —y. In this case, the holomorphic differentials, k = 0,... g — 1 {Pk denotes a polynomial 

of degree k) are odd under a and their quadratic combinations, ^ /j = 0,... ,2g — 2 are even. The 

remaining g — 2 quadratic holomorphic differentials, /j = 0,..., g — 3 are u-odd and do not appear 

in the l.h.s. of ( 4.17| ). On the other hand, in the expansion (4.17), one can throw away the term with dX 
at the r.h.s., since dX is tr-even and, therefore, the coefficient in front of it is not a linear combination of the 
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holomorphic differentials dWj. This restores the correct counting of 2^ — 1 adjusting parameters for 2^ — 1 
differentials. It turns out that this restricted algebra spanned by the two differentials dQ and dw is both closed 


and associative. Indeed, if the term with dX is omitted at the r.h.s. of (4.18), there remain 3g — 2 adjusting 
parameters - exactly as many as there are holomorphic cr-odd 3-differentials —fc = 0,..., 3g — 3 that can 
arise at the l.h.s. in the triple products of dWj. In other words the algebra in hyperelliptic case is obviously 
associative since it is isomorphic to the ring of polynomials {Pfe(A)} - multiplication of all polynomials (of one 
variable) modulo some ideal. 

The same counting can be easily repeated for the general surface with n punctures^^ and leads to the 
conclusion that the closed associative algebra does always exist for the hyperelliptic case. 

According to sect. ^ the WDVV eqs are immediately implied by the residue formula ( 4.15| ) and associativity 
of the algebra ( 4.17 ) because the terms with duj at the r.h.s. of ( 4.17 ) do not contribute into (|4.15|) . 


5 Examples 

5.1 Hyperelliptic curves in the Seiberg-Witten theory 


This section contains a series of examples of the algebras of 1-differentials and WDVV equations, arising in 
particular JV = 2 supersymmetric models in four and five dimensions. According to and Q|, models without 
matter (pure gauge theories) can be described in terms of integrable systems of the periodic Toda-chain family. 
The corresponding spectral curves are hyperelliptic, at least, for the classical simple groups G. The function 
'P{X, w) is nothing but the characteristic polynomial of the dual affine algebra and looks like (parameter s 


was introduced in (|3.22D) 


while 


r{X,w) = 2P{X)-w-^^, duj = —, Qo(X)=X^^ 

w w 


w 


Here -P(A) is characteristic polynomial of the algebra G itself, i.e. 

P(A) = det(G - XI) = y[(A - A*) 


(5.1) 

(5.2) 

(5.3) 


where determinant is taken in the first fundamental representation and Ai’s are the eigenvalues of the algebraic 
element G. For classical simple algebras we have: 

P(A) = n(A-V), V, = n + 1, ^ V = 0; s = 0; 


2=1 


2=1 


Bn- P(A) = An(A'-AD; s = 2 

2=1 

n 

G„: P(A)=n(A'-y); s = -2 

2=1 
n 

Dn- P(A) =n(A"-A2); s = 2 


(5.4) 


2=1 


^The simplest way to do this is to obtain all the punctures degenerating handles of the Riemann surface of higher genus. 
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For exceptional groups, the curves arising as the characteristic polynomial of the dual affine algebras do not 
acquire the hyperelliptic form - and they are left beyond the scope of this paper (though they can still have 
enough symmetries to suit into the general theory of s.4). 


The list (5.4) implies that one needs to analyze separately the cases of and the other three series. 


Above formulas are well adjusted for generalizations. In particular, in order to include massive hypermul- 
tiplets in the first fundamental representation one can just change Qo(^) for Q(A) = Qo(A) ]J^i(A — m^) if 
G = An 1^ and Q{X) = Qo{X) ~ A G = Bn,Gn,Dn [Q (sometimes it can also make sense to 

shift P{X) by an m-dependent polynomial i?(A), which does not depend on A^). 


These cases of the matter hypermultiplets included can be described by the periodic AAA-chain family 


Working with these models it is sometimes convenient to change the w-variable, w —*■ y^Q{X)w so that the 
curve V{X, w) = 0 turns into 

1 P(\)-\-R(\) 

(5.5) 


, 1 ,P(A) + i?(A) 

w H-= 2- , — 


Another possible generalization is the extension to 5d models [Q. Then it is enough to change only the 

dw 


formula (5.2), 


d5'(^)=logA— (5.6) 

w 

and put Qo = while eq. (|5.lD remains intact. From the point of view of integrable systems this corresponds 
to changing the Toda chain for the relativistic Toda chain. 


Examples that do not suit into this scheme are related to the UV-finite models, of which the simplest one is 
the SU(Nc) gauge theory in id with massive hypermultiplet in the adjoint representation. The corresponding 
integrable system is the elliptic Calogero model, and our analysis in s.^ reveals that it does not satisfy WDVV 
equations: the closed algebra of holomorphic differentials still exists, but is not associative - in accordance with 
the general reasoning in s.4. 


To conclude these short remarks, let us note that, as we shall see below, associativity of algebras of the 
holomorphic 1-differentials on hyperelliptic curve reduces afterwards to associativity of the polynomial algebras. 
Therefore, we consider here the reference pattern of such an algebra. Namely, we look at the algebra of N one- 
variable polynomials Pi{X) of degree TV — 1 whose product defined by modulo of a polynomial P' of degree TV. 
More concretely, the algebra is defined as 


MX)p,{X) = G^^P,{X)W{X) + 6,(A)P'(A) (5.7) 

where W{X) is some fixed linear combination ofpi(A): W{X) = '^qiPi{X) co-prime with P'{X). Then, the l.h.s. 
of this relation is a polynomial of degree 2(TV — 1) with 2TV — 1 coefficients which are to be adjusted by the free 
parameters in the r.h.s. Since ^ij is of degree TV — 2, there are exactly TV -|- (TV — 1) = 2TV — 1 free parameters. 
The same counting is correct for the triple products of the polynomials and the algebra is associative, since the 
condition P'{X) — 0 leads to the factor-algebra over the ideal P'{X). The same argument does not work for the 
algebra of holomorphic l-differentials, since their product belongs to a different space (of quadratic differentials) 
- see p4[ . 
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5.2 Perturbative limit of the pure gauge theories 


Now we discuss the simplest case of curves corresponding to the perturbative formulas of sect.3. Perturbative 

P(A) 


limit of the curve (5.5) is 


w = 2 


^/W) 


(5.8) 


and the corresponding 




(5.9) 


We consider first the simplest case of the pure gauge SU{Nc) Yang-Mills theory, i.e. Q{\) = Qo{\) = 1. The 
both cases of 4d and bd theories can be treated simultaneously. Indeed, they are described by the same Riemann 
surface (5.8) which is nothing but the sphere with puncturesp], the only difference being the restrictions imposed 
onto the set of moduli {Aij’s - in the 4d case they are constrained to satisfy the condition — Oj while 

in the 5d one - 0^° Aj = 1. Now the set of the iVc — 1 independent canonical holomorphic differentials isp| 


dujj = 


1 


1 


dX = 


XiNcdX 


% — 1 ,..., N c, Xij — A^ \j 


A — Ai X — X]s[^J (A — Ai)(A — Aat^) 

and one can easily check that Aj = (a-periods) in the dd case and Aj = in the 5d case, i.e. = 0- 

The next step is to expand the product of two such differentials 

N. 


(5.10) 


d\ 


dujidujj = {Cijduik) {qidioi) + (D* dwfc) dlogP(A), dlogP(A) = ^ 


A-A/ 


(5.11) 


Converting this expression to the normal form with common denominator P{X), one reproduces (^) for poly¬ 
nomial algebra. Therefore, the structure constants C!^j form the closed associative algebra and, in accordance 
with our general formulas, can be expressed through the prepotential by residue formulas 

dujidbjjdojk 

^ . , 

(5.12) 


Pijk — res 
Fijk = res 


diogP=o dlogP(A)dA 

dujidujjdujk 


V dX 


for the 4d case, 
for the 5d case 


dlogP=0 d\ogP{X)~ 

These residues can be easily calculated. The only technical trick is to calculate the residues not at zeroes of 
dlogP but at poles of dw’s. This can be done immediately since there are no contributions from the inhnity 

These punctures emerge as a degeneration of the handles of the h yperelliptic surface so that the a-cycles encircle the punctures. 
^^It can be instructive to describe in more details why (5.10) arises not only in id, but also in 5d models. Strictly 

speaking, in the 5d case, one should consider differentials on annulus, not on sphere. Therefore, instead of , 

+ 00 

E da a — ai da \-\- Xi d\ 

- ~ coth-=-, where A = e . Considering now, instead of 

a_ '^ o o \ 


m= — oo 


duJi = 


dX 


dX 


X — Xi X — Xn 


ai + 2n 

Knc 


{X-Xi){X-XN, 


, differentials dcJi = 


2 2 A-Ai2A 

A -|- A^ dX X Xj\i^ dX 


KNc 


X — Xi 2A A — Ajv^ 2A (A — Ai)(A — A^Vc) 


, we obtain ex¬ 


actly formula (5.10). 


17 






























A = oo. The final results have the following form 


for the 4(j case : 


p... — 


p... — _ 

^ III — / , 

• ^ n : I- 

3 2 


j,. Clik (^iNc 1\T ^kNc 
k^i k^Nc 


E 


+ E 

1 ajNc 


■) * J) 


^iNc ^jNc k^i j N ^iNc^ij 


Fijk = 2 ^-^ - 


(5.13) 


for the 5d case : 

^^iii — E coth Oife + 6 coth OiAT^ + ^ cothofcAr^, 

k^i k^Nc 

‘2‘Fiij = — cothoy + 4cothaiAr^ + 2 cothajAr^ + cotho/cAr^ + Nc, i ^ j, 

k=jti,j,Nc 

2Fijk = 2 ^ coth aiN^ - ^ cothajATe + -^c j 

l^Nc l^i,j,k,Nc 


(5.14) 


Now it is immediate to check that the prepotential in the 4d case really is given by the formula (3.5), while in 


the 5d case - by (13.251) . These results are in perfect agreement with the results of s.3. 

Now let us turn to the case of massive hypermultiplets included and, for the sake of simplicity, restrict 
ourselves to the 4d case. Then, there arise additional differentials corresponding to the derivatives of dS ( ^ ) 
with respect to masses. They are of the form 

1 dX 


dW, = -- 


(5.15) 


2 A-A. 

Again, full set of the differentials gives rise to the closed associative algebra. As earlier, this can be proved 
by reducing the system of differentials to the polynomial one (this time the common denominator should be 
P{X)Q{\)). Then, applying the residue formula, one reproduces formula ( fl.l2 ) for the perturbative prepotential 
with r = 1. In order to obtain (3.12) with arbitrary coefficient r, one needs to consider instead of \/Q(^ in 


(5.8)-(5.9) (5(A)'’/^. This only changes normalization of the differentials (5.15): dWu = — 


d\ 

2 A-A, 


Now it is 


straightforward to use the residue formulapi 


Fijk = res 


dWidWjdWx 


diog-^=o dlog 


PW 


dX 


{/, j, a:, ...} = {i, j, fc,... | 6 , d, t",...} 


(5.16) 


^^Let us note that, despite the differentials dWc have the pole at infinity, this does not contribute into the residue formula because 
of the quadratic pole of d\ in the denominator. 
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and obtain 


1 


p— _ 

'^iNa 


=y— 

k^i 

2 


^iNc 


E 

k^Nc 


^kNc 






A 


•jNa 


E 


A, 


'jNc 


^kNc ^iNc 


-iE 


Ait At 

1 


F, 


1 


ijk 


= 2 V-V-V 

Ajat, 


l^N, 


l^i,j,k,Nc 


^INc 


^i.Nc 






P-. — -_ 

-i- 7.7./. - ^ I » 


1 


2 \ Ait 


p.. —_ 

^ AtATc 


i ¥^j', 


(5.17) 


TP _ r 

-t 7/,/, - ^ " 


2 AitA, 


^'^iNc 
2 


Ft, 


_ r 1 ^ 1 . 

2 A.i 4 A,,'' 


Ft, 


r 


At. 

2 1 


“ 4AttF 


Fitt' — Ftt't^' — 0 

These formulas immediately lead to the prepotential ( ^.12| ) upon the identihcation Ai = Oi and At = rrif 

At last, let us consider the case of other classical groups. We also take into account the massive hypermulti- 
plets. Let us also note that, in this case, the curve is invariant w.r.t. the involution p : A ^ —A. Among all the 
holomorphic differentials there is a subset of the p-odd ones that can be obtained by differentiating the p-odd 
generating differential dS = X ^X^i ~ ~ ^x) w.r.t. the moduli: 

2ajdX rm.dX 


dW, = 

Look at the algebra of these differentials: 

dX dX dX 


x^-ar 


dW,, = - 


A 2 - 


m. 


A2 - A2 A2 - A2 


C¥j^^^dW + S,u{X)\^ 

K \ i 


2XdX 

A 2 - O? 


-E 


XdX 


dX 


A2 — m? A 


(5.18) 


(5.19) 


To understand that this algebra is closed and associative, it is sufficient to note that the l.h.s. of (p.l9) is 


a linear combination of the differentials and - totally 2N = 2n + 2Nf independent quadratic 

p-even differentials. However, one should also take into account the condition which cancels the pole at inhnity 
of Thus, the number of holomorphic p-even quadratic differentials is equal to 2N — 1. This quantity 

perfectly suits the 2N — 1 adjusting parameters in the r.h.s. of ( ^.19 ) - N p-odd differentials in the first term 
and iV — 1 p-even differentials in the second term. Indeed, even differentials are he. have the pole at 


(dA) = 


infinity. The same does the ^ X^X ~ '®x) • However, since all these quantities can be 

rewritten as depending on A 2 , the cancellation of the pole of the differentials leads to their large-A behaviour 


^ that simultaneously cancels the pole of Thus, there is exactly one condition imposed onto N rho-even 
differentials. 

The associativity is checked in complete analogy with the above consideration - there are 3N—3 holomorphic 


p-odd cubic differentials and exactly N + {2N — 3) = 3IV — 3 adjusting parameters. Thus, the algebra (5.19) is 
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really closed associative^. The application of the residue formula ( |5.16 ) gives now (3.22). 
Now we turn to the less trivial examples corresponding to full hyperelliptic curves. 


5.3 Pure gauge model (Toda chain system) 

This example was analyzed in detail in ref. . 

The spectral curve has the form 


Na 


V{X,w) = 2P{X)-w--, P{X) = yskX 


k=0 


and can be represented in the standard hyperelliptic form after the change of variables Y = ^ {w — 

y 2 = p2(^x) - 1 


(5.20) 


(5.21) 


and is of genus g = N^ — 10 Note that = 1 and that the condition of the unit determinant of the matrix 

in the group SU{Nc) implies here that = 0 (this is equivalent to the condition = 0). The generating 

differential dS has the form 

^ ID 

(5.22) 


w Y 


Now let us discuss associativity of the algebra of holomorphic differentials 

duJi{X)dLOj{X) = C^dLOk{X)dW{X) mod — 


(5.23) 


We require that dW{X) and dP[X) are co-prime. 

If the algebra ( ^.23[ ) exists, the structure constants satisfy the associativity condition. But we still need 
to show that it indeed exists, i.e. that once dW is given, one can find (A-independent) C^j. This is a simple 
exercise: all dtOi are linear combinations of 


dvk[X) =, fc = 0, ...,g-l 


Y 


dsk 


where 


dvk{X) = akiduji{X), duji = {a ^)ikdvk, (Jki = ^ dvk, 


(5.24) 


(5.25) 


also dW{X) = qkdvkiX). Thus, (|5.23| ), after multiplying all 1-differentials by Y, reduces to the algebra of 
polynomials X ^'that is as usual closed and associative. This means that C* satisfy the associativity 
condition 

(5.26) 


QC, = CjC, 


Now the residue formula has the form [Q : 

d^ijk ~ 


mj 


= res 


dujiduijdujk 


= res 


Q-ip 

daidajdak dak 
dojidujjdwk 


dx=o dX(—) d\=o dX 

\ W J 


dP 

Y 


= E 


p'(A,)/y(A,) 


(5.27) 


sect.5.5 we show how this algebra reduces to the polynomial one. 

^^One can take for the g moduli the set {h^} or instead the set of periods {ai}. This particular family is associated with the 

Toda-chain hierarchy, Nc being the length of the chain. 
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The sum at the r.h.s. goes over all the 2g + 2 ramification points Aq, of the hyperelliptic curve (i.e. over the 
zeroes of = P^(A) - 1 = na=l(^ “ ^a)); dWi{X) = {u}i{Xa) + 0{X - Xa))dX, F^(Aa) = Ylp^a^Xa - Xf}). 
Now following the line of sect.2, we can define the metric: 


dujkdujidW dtUkduJidW 

Vki(dvv) = res - 7 - 5 -^— = res -— 

^ dA=o dA(^) dA=o dXdf 

\ w / Y 

(-^a ) 


(5.28) 


= 1 :' 


p'(A„)/y(A„) 


In particular, for dW = dtOk (which is evidently co-prime with rjij{dujk) = Fijk - this choice immediately 
give rise to the WDVV in the form (5) of paper |Q . 

Given (|^, (|^) and one can check that 

F,jk = m{dW)C^^{dW). (5.29) 

Note that Fijk = Qa ^J^aak l.h.s. of ( 5.29| ) is independent of dW\ The r.h.s. of ( 5.29| ) is equal to: 

-C%idW) ^ 


i /jjxn doJkduJidW I , (5.23) 


n„{dw)C„(dw)=j^s^ 


= res 
d\=o dX 


diOk f , , dPdXX 

X(^djw'^ ~ Pij y 2 j — 


= Fiik- res 


= Fijk- res 


dA=o dX{df) 
Pij{X)duJk{X) 


dujk / , dPdX 


(5.30) 


d\=o Y 

It remains to prove that the last item is indeed vanishing for any i,j,k. This follows from the fact that 
p,j{\)dujk{\) jg singular only at zeroes of F, it is not singular at A = 00 because Pij{X) is a polynomial of low 
enough degree g — 2 < 5 -I- 1. Thus the sum of its residues at ramihcation points is thus the sum over all the 
residues and therefore vanishes. 


This completes the proof of associativity condition for any dW. 


5.4 5d pure gauge theory (Relativistic Toda chain) 

The above proof can be almost literally transferred to the case of the relativistic Toda chain system corresponding 
to the 5d N = 2 SUSY pure gauge model with one compactihed dimension |^. The main reason is that in the 
case of relativistic Toda chain the spectral curve is a minor modification of ( ^.2C| ) having the form ||^, eq.(2.23)] 

u; + - = (CA)-^“/"P(A), (5.31) 

w 

which can be again rewritten as a hyperelliptic curve in terms of the new variable F = (('A)^”'^^ {w — i) 

F^ = _ 4^2Ar,p^Ar, (5 32) 

where A = ^ is the ’’true” spectral parameter of the relativistic Toda chain and ^ is its coupling constant. 

The difference with the 4c? case is at the following two points. The hrst is that this time sq ne- = lQ 
but instead no longer vanishes and becomes a modulus. 

^®This formula looks quite natural since the relativistic Toda chain is a sort of ’’group generalization” of the ordinary Toda chain. 
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The second new point is that the generating differential instead of (5.22|) is now 


dS^°' = ^^ log A— 
w w 


(5.33) 


so that its periods are completely different from those of However, the set of holomorphic differentials 

X^-^dX 


dvk = 


dsk 


Y 


k = 


(5.34) 


literally coincides with the set ( |5.24D , because k now runs through 1,... ,g instead of 0 ,..., g — 1 but there 
is the extra factor of A in the denominator. Thus, the algebra of differentials remains just the same closed 
associative algebra, but the residue formula is a little modified. 


Indeed, when passing from the first line of (4.15) to the second line, there will arise the extra factor A due 
to the shift of the index of differentials dvk by 1 in the 5d case as compared with the 4d one. Thus, finally the 
residue formula acquires the following form 

dwidojjdujk 


Yijk — res 


ujULuk duJiduJjduJk ci)i(Xa)d)j(Xa)ujk(Xa) 

— r6S / jy \ / ^ ID \ — / ^ 




cx. 


P'(A„)/F(A„) 


(5.35) 


5.5 Pure gauge theory with Bn, Cn and Dn gauge groups 

Now we consider shortly the case of the pure gauge theory with the groups G ^ This example is of 
importance, since it demonstrates that, in the cases when naively there is no closed associative algebra of 
holomorphic 1 -differentials, it really exists due to some additional symmetries of the curve. 

The curve in this case has the form (|5.1|) with Qo(X) = X^^ as in (^), while the generating differential - 


(5.2). After change of variables 


2y(A) =w- 

the curve acquires the standard hyperelliptic form 


Qo(A) 


r^ = F^(X)-Qo(X) 


(5.36) 


(5.37) 


Naively, we can repeat the procedure applied in the previous examples. The new problem, however, is that 
the genus of this curve now is 2n — 1 (see ( |5.4| )), while there are only n moduli, and, therefore, n holomorphic 
differentials which can be obtained from the generating differential (|5.2| ). Therefore, one might expect that the 
algebra formed by these differentials is too small to be closed (and associative). 

However, it turns out that, due to the additional Z 2 -symmetry, this is not the case. Indeed, let us note that 


the curve (5.37) admits the involution p : X ^ —X (in addition to that Y —Y). Therefore, in the complete set 


of holomorphic cr-odd differentials on the hyperelliptic curve (5.37) (see sect.3.4) dvi = i = 0,..., 2n — 2, 


there are n — 1 p-even and n — 1 p-odd differentials. Keeping in mind the rational examples of sect.5.2, we 
should look at the subalgebra formed by the p-odd differentials that only can be obtained from the generating 
differential dS, i.e. at dvi with i = 2k - or at the canonical p-odd differentials duj° 


du)°du!° = C^:dujtdW mod — 

J J yj 


(5.38) 


Since ^ is p-even, it can be multiplied only by p-even holomorphic differentials. On the other hand, there 
are 2n — 2 p-even quadratic holomorphic differentials. This perfectly matches the number of the free adjusting 
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parameters at the r.h.s. of 5.38| ), i.e. algebra (5.38) is really closed (and associative, as one can obtain by the 
analogous counting). 


The fact of closeness and associativity of this algebra can be demonstrated in another and easier way - like it 
has been done in our previous examples. Indeed, let us multiply all the differentials by XY that is the common 
denominator (since ^ ^ + s — y) ^)- Then, the algebra is reduced (as usual in the hyperelliptic case) 

to the polynomial algebra. More precisely, this is the closed associative algebra of n — 1 odd polynomials p° of 
degree 2n — 3 factorized over the ideal which is an even polynomial AP'(A) of the degree 2n: 

P°(A)p°(A) = C^,pl{X)W{\) + it^{X)XP\\) (5.39) 

where is some even polynomial. The degree of this expression is 4n — 6, at the l.h.s. of it there are 2n — 3 
independent coefficients of the even polynomial of degree 4n — 6 with no constant term, while at the r.h.s. there 
are n — 1 adjusting parameters and n — 2 adjusting coefficients of the polynomial (A), totally 2n — 3 free 
parameters. This counting proves that the described algebra is closed (and associative as polynomial algebra). 


5.6 Hypermultiplets in the fundamental representation (Spin chains) 

To conclude the section, we consider the example of hyperelliptic curve associated with the SU{Nc) Yang-Mills 
theory with mass hypermultiplets. 

The set of holomorphic 1-differentials {dcui} relevant in the Toda chain case (s.5.3 and |l^) should be now 
enlarged to include meromorphic ones, with the simple poles at the points The spectral curve is given by: 


ViX,w) = 2P{X)-w- 


where 




QW 


Nf 


^(A) = ^SfeA'= + i?(A) Q(A) = n(A-m,) 


(5.40) 


(5.41) 


fc =0 


s=l 


Sk are the Schur polynomials of the Hamiltonians hk and do not depend on m^, while R{X) is instead an hk- 
independent polynomial in A of degree Nc — 1, which is non-vanishing only for Nf > Nc |Q (see also Q). It is 
convenient to introduce another function Y 

Q(A) 


2Y = w- 


w 


Y^ = P^{X)-Q{X) = l[{X-Xc,) 


The generating differential 

satisfies the defining property 


dw 


dS = X — = A — - 


dP PdQ dQ 


ddS 

duh 


Y 2QY 2Q 


= dujk [{dWa} = 


dw 


and the algebra of multiplication acquires the form: 

dWadWb = C^bdWcdW mod — 
a = 1,..., g + Nf = {i, s}, g = Nc — 1. The general formulas in the particular case ( 5.40| ) are 

ddS 


daj 


dP I 9Q , j 

dai 2w dar _ o' 

= 21- 


P' — QL w 

2w 


P'W 


(5.42) 

(5.43) 

(5.44) 

(5.45) 

(5.46) 
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and 


dw 

w 

Y— 

w 


dP 

dQ 

Y 

2Y{P + Y) 


= dP-^ 


2P 


(5.47) 


The calculations (along the lines of [O) lead to the same conclusion: 


ttk = f dS, 


d dS 
dsi 


dF^j dFij dXa dsi 


dak 


ydx 

Y 


dXa dsi dak 


(5.48) 


(5.49) 


The first derivative is (as usual for any hyperelliptic curve) equal to uJiU!j{Xa), the last one - to cr^;^. In order 


to hnd the middle one, consider 


^(p^-<3=n(^-Arf 




It gives 




A=A„ 


i.e. 


Since at A = An. T = 0, we obtain: 


dXg 

dsi 


X‘dX 


dP-\^ 


A=Ao 


XLdX 


dX„ 


dsi 


= CFlk- 


dcok 


dw 


A=Aa 


A=Aq 


Putting this all together we obtain: 

dF.j 

dak 


diOidojnduJk dujidujjdujk 

= — res - 4 -= res 


dx=o dXd^ 


dY=o dXd^ 


(5.50) 


(5.51) 


(5.52) 


(5.53) 


(5.54) 


Since differentials in the numerator have no poles, the integration contour that goes around the zeroes of dA, 
can be also considered as encircling the zeroes of dcj = ^ - and we reproduce the general result ( |4.15 ). 

The similar identity can be proved for the expressions containing one derivative w.r.t. the remaining moduli 
TOt ~ j> dS, as we can still work with the period matrix. More concretely, since 


dW, ^ 


ddS 


dX dw 


drUu w dm^ 
the derivative of ramification point is 


dX f Q dR 

Y v2(P + Y){X — dnit. 


(5.55) 


dXg 

dm. 


Thus 


Q dX 
WY— 


1 


2P 


dR 

drric 


A-: 


Q 


dX 


A=Aq 


Y 


dw 


Q dR 

2{P + y)(A - m,) dm. 


dW, 


dw 


A=Aa 


dF, 


dFij dXa dwidto-idW, dwidiOjdW, 

= — res -—-= res 


A=A„ 

(5.56) 


(5.57) 


dm, dXa dm, dxFo dA^ ^=o dA^ 
again in accordance with ( 4.15| ). Note, that according to our agreements the punctures m, are included into 
the set of zeroes of dX (along with ramihcation points A^). 
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Double and triple-derivatives of T with respect to the masses m,, can not be obtained from the ordinary 
period matrices of the hyperelliptic curves. They can be only evaluated by the general method of s.4. This 


calculation, which is the subject of the next subsection s.5.7, helps also to illustrate the possible subtleties of 
the general proof. 

Let us note that there are two natural choices of the generating differential dS for the case of theory with 
fundamental matter. One choice is given by formula ( 5.43| ) used throughout this subsection. Another one is 
given hy dS = \^ = Ad log p~y , where w is defined in another parameterization of the curve w 


p 

s/Q' 


The latter choice is usually accepted in the literature |^, ||, and has been used in the course of our 


perturbative consideration of sect.5.2. Note that the differentials (5.55) 

P-Y 






dX 


(5.58) 


Y \2(A —TOt) ' drui J “ ' 2\ — m^ 

( 2 ) 

have poles at m-t on one of the sheets, while the differentials dWt ’ associated with the other dS possess the 
poles on both sheets. However, these two choices give rise to the identical results. 


5.7 Residue formula for mass differentials 


To make our consideration of concrete examples exhaustive, in this subsection we discuss the subtle points arising 
in the course of the derivation of the residue formula when two or all the three differentials dvi are associated 


with punctures (masses). This is the case, when the E-term ( 4.12 ) contributes to the result. In what follows 
we demonstrate how this specific case of the residue formula can be treated in the example of the theory with 
matter hypermultiplet in the fundamental representation, and we start with consideration of the perturbative 
limit. To match the notations of sect.5.2, we use the generating differential dS = A^ = Ad log p~y and, 
accordingly, the holomorphic differentials dlT^^^ = — ^ (x-m ) ~ Then, in the perturbative limit this 

dITt acquires the form (^.15), = A^. 


First, we derive formula (4.14) in the perturbative limit with two mass differentials. The symmetry of the 


l.h.s. of (4.14) w.r.t. the permutations of indices is not obvious, since there are no symmetric terms in the 


l.h.s. of (4.14) and one needs to consider the entire sum. Therefore, in illustrative purposes, we discuss here all 


possible arranging of indices in (4.14) - {KLM} = {t, i, i'}, {KLM} = {t, d, i} and {KLM} = {d, i, i} checking 
that they lead to the same result. Note that the term /d£L cases considered below. 

Other terms are equal to 


^^KLM — gj®® 


=0 


, dvL \ 

“'"'av j = 


0 

1 1 
'4^ 


A2) _ 


-“KhM 


-E 


dvK 


ds 


dS = 


M 


1 1 

0 

0 


when K = L = i, M = d 
when K = M = L, L = d 
when L = M = L, K = d 

when K = L = L, M = d 

when K = M = i, L = d 
when L = M = L, K = d 


(5.59) 


(5.60) 
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^(3) 

^KLM 


-E 


0 


when K = L = L, M = l' 


dvK I dvL = — when K = M = l, L = l' 

I 9B, 

M 


4 A, 
0 


(5.61) 


when L = M = L, K = l' 


since 




A=A, 


The sum of in each of the three cases K = L, K = M and L = M is the same how it is 


required by the symmetricity w.r.t. the permutations of indices. This sum is actually equal to in (5.17). 
Analogously, one can check the residue formula for three coinciding mass differentials. Then, the result looks 


like 


E(i) = - ires__ 

4 (A-A)2 


E(2) = i W ± + i W 

2 ^ Ai, 4 ^ 


1 


4^ A. 

L 


+ 


= 0 
1 1 


4 A-A. 




(5.62) 


= - 


1 1 


4 A - A. 


A-^A, 


and the sum of these terms is equal to in ( ^.17 ). Let us note that the only role of E^^^ is to cancel the 
singularity arising in 

Now we can turn to less trivial case and discuss the residue formula in the hyperelliptic case of sect.5.6. 
Again, we start with consideration of However, this time we restrict ourselves only to the case L = M 

- the most convenient choice of order of the indices, since it is the case when the only first term in the l.h.s. 


of (4.14) contributes. In the hyperelliptic case the residue acquires two different contributions. The first one 
comes from the pole at A = m,, and can be obtained with the help of expansion 

^ — + C>(A-to,) (5.63) 

amt A^mt 2 A — mt 

Therefore, the contribution of this pole is equal to that in the perturbative case ( 5.59| ): However, now 

there emerge also some contributions from the ramification points. Indeed, 

ddvr If P(A„) ai7(A„)\ dA _ P(A„) f P{Xc,) dR{Xc,)' 


dm^ a^Aq 2 \2{Xa — m^) dm^ 
OY^ Therefore, 

dv. 


dm,Y^ F3(A«) V2(Aa - mt) 


dm. 


dX 

(A - A„)3/2 


(5.64) 


since ^ = 2P^ 


- 2 - 


P(A„) ( P(A„) 


dm, \^\c Y‘^{Xa) \2{Xa-m,) 

and the full answer becomes 


F, 


= S«=2E' 


P(Ao) f P{Xc,) , 5P(A„) 


^ Y-^iXa) - m,) dm. 

This result should be compared with the residue formula 


dRjXo,) 

dm. 


P(Aa) 


1 


vA Aq 

, aP(At,) 


2(Ack m,'^ 


dm,. 


(5.65) 


- ~ (5.66) 


F,,,/ = res 


{dv,Ydv, 


= res 


P 


dR 


d^=o dX^ Y'^P \2{X-m,) dm,) \2{X-m,,) dm,, J (iog[p/^)y 


P 


+ 


dR 


dX 


(5.67) 
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As we did it earlier, instead of quite involved calculation of this residue at zeroes of we calculate it in all 
other poles (i.e. zeroes of dX). Since (log(P/v^))^ contains [(A — mt)(A — only ramification points 

and A = rrii contributes to the result. Using formula 

U2(A„) 


(log(P/^/Q))' 


A=Ao 


2P2(A„) 


(5.68) 


one can easily check that this really gives (5.66). 

Analogously one can study in the hyperelliptic case the residue formula for the three coinciding differentials 
Ptit. This time the calculation is a little longer. Using ( 5.63 ), one gets for 

P(Aa) ^ 




p(A„) , ap(A„) 


Y-^iX^) \2(Xa-m,) 


dm. 


1 


2P(mi) dm, 


dR{m,) 1 d{P/Y) 
4 dX 


A=mi, 


(5.69) 


i.e. the sum over ramification points looks similar to the case of two coinciding differentials. Other E terms are 
even simpler: 


= - 


1 dP/dX 


P 


1 


dR{m^ 


\—r, 


2P(mJ dm. 


-Y — 

4 ^ A / 


1 1 


4 A - A,, 




= - 


1 


dR{m,) 


1 1 


2P{m,) dm. 


4 A-A, 


A^A, 


The sum of all the three terms should be compared with the residue formula 

p {Av^ 1 ( P , dRY _ 

dA^ i^=o U 2 p \ 2 (A - TO,) dm,J (log(P/VQ))' 


dX 


(5.70) 

(5.71) 

(5.72) 


Again taking residues at zeroes of dX and using formulas 


(A-m.)llog^) 


along with 


(A - TO,) (log 


-)'' 


A=mi, 

dP/dX 


X—rrii, 


p 


X—rrii, 


--Y — 

2 ^ X,,' 


(5.73) 


one finally proves that (1^) is really equal to the sum of ( ^.69| ), ( |5.70D and (1^) - Contributions from 
the ramification points into ( |3.72 ) entirely originate from analogous term in Ett,\ and all the terms in E’s 
proportional to dR/dm, come from the first order pole at A = to,. The remaining terms in E*^^) and E^^^ are 
equal to the residue of the second order pole at A = to,. 


6 Hypermultiplet in the adjoint representation (Calogero system) 

6.1 General formulas 

To conclude our examples, in this section we discuss in detail the case of Calogero system when the closed 
algebra exists but is not associative, how it was discussed in sect.3-4. The physics os this example is the 4d 
N = 2 SUSY YM model with one matter hypermultiplet in the adjoint representation of the gauge group 
SU{Nc) that is described in the SW framework by elliptic Calogero model [|[ |^, ||]. The bare curve for the UV 
finite model is elliptic curve ( 0 ) and its modulus r can be identified with the bare (UV) coupling constant of 
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the YM theory. The mass of the 4(i hypermultiplet is proportional to the coupling constant g in Calogero-Moser 
model. The spectral curve of the elliptic Calogero model 


det(£(a;, y) — X) = 0 


( 6 . 1 ) 


is given by 


y'^ = {x- ei(r))(x - e 2 (r))(a; - esir)) = - 292 {t)x - 

Nc 

V{X,x) =Y,9"s^%{X,x) =Q 

To = 1, Ti = A, T 2 = )? — X, % = X^ — 3Xx + 2y, % = X'^ — 6X^x + 8Xy — 3(x^ + ^4), 

% = X^ - lOA^x + 2QX^y - 15A(x2 + yn) + Axy, Tg = A® - ISA^x + dOA^y - A3X^{x'^ + yn) + 2AXxy - 5, 


( 6 . 2 ) 

(we remind that 64+62 + 63 = 0). Using gradation deg A =1, deg a: = 2, deg y = 3, ..% becomes a 
homogeneous polynomial of degree i. Actually this is a “semi”-gradation from the point of view of x and y, 
because some coefficients also have non-vanishing (but always positive) degree: deg ei(r) = 2, deg /i 4 = 4 etc. 
As functions of A, the T) behave similar to the Schur polynomials: 


^ “ aA -*^-1- 


(6.3) 


As a corollary, V' is again a linear combination of %: 



y^ig''s^%-l. 


For our purposes we can absorb gi in (6.2) into the moduli Si. 


(6.4) 


The full spectral curve (H) is a A£-fold covering of bare elliptic curve, which has genus Nc (not ~ A(?/2 
as one could naively expect), due to specific properties of the functions 7) which may be demonstrated in the 
Hitchin-like interpretation of Calogero model, when the matrix-valued moment map is restricted to have a pole 
with Nc — 1 coinciding eigenvalues at it. In the limit x ^ 00 , the coordinate A ^ I- on the Nc — 1 sheets 

and A ~ on the last sheet. We shall refer to these to kinds of sheets as “+” and ” respectively. On 

the Nc — 1 “+” sheets all the functions T) behave as 


T)~A 


(6.5) 


in the limit A —s- 00 , while on the ” sheet T) ~ A®. Since P and V' are both linear combinations of T), they 
have the same asymptotics ^ A^ on the “+” sheet. 


For the generating form dS = Xdio = A^, we have 


dvk = 


ddS 


Thduj 


k = 0,l,2,...,Nc-2. 


( 6 . 6 ) 


dsk V 

The complete basis of Nc holomorphic 1-differentials on C consists of dvk with k = 0,l,2,...,A^c — 2,A£ — 1. 
The holomorphic 1-differential dvN^-i is (up to addition of other dvk with k < Nc — 2) equal to duj = The 
only non-vanishing integrals of dto are along the cycles on the bare spectral curve E{t). The periods relevant 
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for the SW theory are instead associated with the other cycles, which turn to be trivial after projection on E{t) 
(see sect.8 of ^ for discussion of the Nc = 2 example). 

In other words, the polynomial 7)vc-i is linearly equivalent to a combination of 7) with i < N^. — 1 modulo 
V'. At the same time this is not true for Tjv,., despite it is of degree in A, while V is only of degree N^ — l- 
this is because 7) are polynomials of several variables. (In fact 7) is a pair of homogeneous polynomials of two 
variables, A and x, it is a pair, because coefficients in front of ip and are independent polynomials.) 

One does not expect such polynomials to form a closed algebra modulo a single polynomial V', 


TjTj- = mod V (6.7) 

instead one would rather expect a closed algebra modulo two polynomials, V' = dV jdX and V = ydV/dx, 


%rj = c^jTkT mod ir',r), t = J2 


( 6 . 8 ) 


fe =0 


Such an algebra indeed exists, due to the general arguments of sect.4. Technically this happens because of 
specific properties (^) and (|6.5|) of 7^. 

The main thing is that among quadratic combinations 7)7j- there are only few linear independent. Because 
of the (semi) gradation 7)7j can be expressed only through the combinations of the same (or smaller) degree 
r = i + j, and actually one can express everything in terms of, say, TqT). = %■ and This of 

course follows from the counting of holomorphic quadratic differentials, but can be also checked directly, using 


explicit expressions (6.2) for Tk- The first linear independent combinations are: 


deg 0 : 

To = I; 



deg I : 

71 = A; 



deg 2 : 

T2 = A^ - 

- = A"; 


deg 3 : 

71, Tir2; 



deg 4 : 

'^4, 7171, 


71 — 7171 — 371? — 3 ^x 4 ; 

deg 5 : 

%, 7171, 

T2%-, 

71 = 37171 — 27171 — 


As we shall see in the subsequent subsections, the combination = V — xV' is always a linear combination 


of 7)7j , and this is enough to make the algebra (^) closed. We demonstrate this explicitly for the first non¬ 
trivial cases of AA = 3 and AA = 4. However, the algebra is non-associative, starting from Nc = 4, and again 
this is checked by explicit calculation (which is somewhat tedious and is actually performed with the help of 
computer). These examples can also help to illustrate some (possibly obscure) aspects of the reasoning in 
sect.4. Moreover, we begin from the case Nc = 2, which is also instructive for the future studies of the physical 
properties of the UV-finite theories. Results in this case can be directly compared with those of instanton 
calculus - once they will be obtained for the case of matter in the adjoint representation. Of course, nothing 
interesting can be said about the WDVV equations and even the algebra of differentials for Nc = 2, but one 
can shed new light on residue formulas - as well as on some other aspects of the SW theory. 
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6.2 Residue formula: example for N, = 2 


In the case of the gauge group SU{2) the full spectral curve is the double covering of the torus E{t): 

V^‘==‘^{X;x,y) = - g^x + So = 0 ( 6 . 10 ) 

The generating differential is 


dS = Xdbj = 


\/ So — g'^xdx 


and the prepotential is given by 

1 


F = 


dS i dS + 


y 


^A=+oo —e 


dS 


X—o 


' A= —oo+e 


dS — g log e 


€—0/ 


The derivative 


and 


^ ddS duj dx dx 

dso 2A 2Xy 2yy/ sq — 


da d 
dso dso Ta 


dS = 


dx d / f dx \ ^ d 

(4 2Xy da \Ja 2Xy) dso 


Since dS and dv are both (1,0)-differentials, dS A dv = 0, and 


0 = / dS A dv = (h dS (h dv — (p dS (h dv + 


B J A 


dS 


X—c 


^ A=+oo 

IX— — 00 


dv 


( 6 . 11 ) 

( 6 . 12 ) 

(6.13) 

(6.14) 

(6.15) 


The r.h.s. is the result of application of the Stokes theorem to the total derivative dS A dv = d{Sdv) on a 
simply-connected surface, obtained by cutting the spectral curve C along A- and B-cycles and, additionally, 
between the two points A = ± 00 , where dS (but not dv) has simple poles. Eq.(|6.15') states that 


da^ r, da 

-“ o- ^9 

dso dso 


n-\-oc 


thus 


i.e. 


and 


so that 


dF 

^ “ 2 ' “ 


da^ ri da 
dso dso~^^ ^ 


dv = 0 , 


A JO da 
dv \ = a —, 

OSq 


OF 

da 


D 


d'^F _ da^/dsp _ §b % 
da? ~ da/dso ~ §A% 


d^F 


dx 

Ay 


-3 


dx f dx f dx f dx 
(4 Xy Jb X^y Jb Xy Ja X^y 


The next is to express the difference in brackets through the residue at A = 0: 


d^F 


= 27ri ( (b res 


dx dx 
d — = 


Xy J A=o X^y Xy 


dx A 


-3 


2Tri 


V (. 


x=^ 


(6.16) 

(6.17) 

(6.18) 

(6.19) 

( 6 . 20 ) 

( 6 . 21 ) 


(we used the fact that on C the differential dx = , and there is an extra factor 2 coming from two sheets of 

F{t)). 
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For illustrative purposes let us represent all formulas in a different way: expand in powers of using 


A = Vso - g'^x = 


r(3/2) 


k=0 


kW{3/2-k)\ So 


fg^x 


= s 


A \/so-g‘^i 


= s, 


- 1/2 


E 


r(i/ 2 ) 


1 


1 


fe=0 

OO 


2 \ ^ 
g^x 


OO 


fc! 


2si 


-3/2 


A^ (so — g’^xY‘1'^ 


E 


fc!r(l/ 2 -A:)V so 

r(-i/2) _ 

A:!r(-l/ 2 -fc) V So 


= Sn 


2 \ ^ 
9 X 


-1/2^ (2fc-l)!! 


T 

fe =0 


fc! 


2so 


( 6 . 22 ) 


_3/2 {2k + 1)!! f g'^x 


T 


fc! 


2sr 


((—!)!! = 0! = 1). Among contour integrals j> (for a given homotopy class of contours) there are only two 
independent: for example with fc = 0 and fc = 1. All others can be expressed through these ones, using relations 

52, 


■‘y = - f > 


f ^ 92 k-2 


d{x^-'^y) = — [^x^- + (fc - 2)a:" - (fc - 2)^x’^-^ - (fc - 2)^ 


, 53 k-3 


y 


= »-5)- 

2 y 


x'^ - 


2fc- 3 
4(2fc- 1) 


92X 


„k-2 


4 

fc- 2 


2(2fc- 1) 


53 a: 


/l —3 


Thus, one can substitute: 


P = 


d/2 


CT = 


1 + 


,1/2 


52 / 5 


8 y 2so 

E 

2so 


dv = p 
53 / 5 

4 V2so 


da: 


+ CT 


xdx 


255 ! 5 


8 \25o 


384 y 2sq 

^2 \ 4 


215253 / 

80 V2so 

2 / „2 \ 5 


E fEV + ^ fEV + E 


8 V2soy 640 V2so 


(6.23) 


(6.24) 


The conventional notation for the remaining periods in the theory of elliptic functions is: 


so that 


and 


dx 


25 


— = (p d^ = 2u! ® — = 2uj' = 2 ujt 


dx 


25 


xdx 


2y 


— = f = 5(C + 2a;) — ({^) = 2fj = 2iug f —— = 2?)' = 2ujg' 


xdx 


25 


- / -/ —1 / ^ / ■'/A 

guj — g uj = u [guj — g uj) = — 


UJ = CUT 


2cj 


d'^F dv 

da^ j>^ dv puj + err) 


puj' + af)' ITT a 

= T — 


2a;2 p _|_ 


d^F 


= -^(d + '^5) ( 5 —- 


da dp 


da da 


= -^3(P + ^d) 


_^ 

^ dsn ^ dsn 


E 

So 


= 27rr 


dv 


-3 


adp — pda 
'-b- 

OSo 


In order to reproduce (6.21), it remains to check that the difference in brackets is indeed equal to 


(6.25) 


(6.26) 


(6.27) 


25V(ai=fl) 2nE(so-5^e.(r)) 


- 77-3 1 + 52 77 — 


2s3 


2so 


.,2 \ 3 


2so 


2 / 5 


253 hT— + 52 77— + 45253 77— 


2so 


.2 \ 5 


2so 


(6.28) 


what is easy to do with the help of expansions (6.24). 
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From ( 6.26| ) , with Q 



(6.29) 


(6.30) 


we get: 


T = 


d'^F 
da? 
2i 


2i 


92. 3 , 3 , 992 303 ^ 4 , / 4 , ^9^92 3v93 , 2^1 


= r-- a-va^ + ir,^ + ^)a'^-{r,^ + ^-^)a^ + iv^ + 


+ + ■■■]- 


a - 3rya^ + (9?7^ + - {21rf + 27752 - ^)a'‘ + (SIt?"^ + ^ 9^92 - ^99i + ^9l)a^ + • ■ ■ ) = 


2i 


d — + ^d^ — 2d‘^ + ^d^ + ... ) + 0(q"‘) = 


= T - ^ log(l + 2d) + O(q^) 


Further, 


. . dx 1/2 
a= ^ X-=s, 


-s, 


1/2 


, 1 2 1 4 25 

- 52 - 53 - ;[_2.8.28 


3 5 

a + ^“^52 + y7^o;‘‘53 + ... 


4 2 
a 92 


xdx 


dx 

w 


,1/2 


1 13 25 

1 - - “’<20® + S’'®* - ““'tsfs 


5 I + ir^939) - • ■ • = 


= So^^\/l - 2ar] + 0{q^) = sl'^ + 0{q^) 


.2^ _ sl/2. 


Thus 


T = T -log ( 1 — 


m 


+ 0(^2) =.r+_iog 


— hm'^ 


+ Oiq^ 


(6.31) 


(6.32) 


(6.33) 


This establishes the relation between residue formulas, the prepotential and its perturbative approximation - 
the logarithmic term in (6.33). It would be instructive to find a careful interpretation of entire expansion ( |6.31 ) 
in terms of instanton calculus in the spirit of [p3 . 


6.3 Example: Algebra for Nc = 3 

In this case, there are only two relevant holomorphic differentials: dvo and dvi] the third one, dv 2 -, is their 
linear combination modulo dio = d^. Thus, there are no interesting WDVV equations for Nc = 3, but non¬ 
trivial associative algebra with two generators dvg and dvi does exist and will be explicitly constructed in this 
subsection. 

ll’The origin of the shift sq —» sq is explained in detail in 
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In this particular case, the spectral curve is: 


— Tz S\T\ + sgUg — — 3Ax + 2y + siA + sg — 0 


(6.34) 


Thus 


and 


vl = 


;, = ^ = 3r2 + siTg = 3 (a^ - X + |- 


Vl^Vl- xVl = -3 


'P'5 = 


— 2Xy 


-6 - As - fl) 


dV^ 


I \2 I 92 

+ A X + —X —— 
3 6 


)=%- TiTg - siTi + (3^14 + y) 


As ^ ^ 0, X — ^ y — + 0{^), and 


(6.35) 


(6.36) 


i.e. 


with 2eg + Si = 0 etc, or 


7^^ — ( A — -J + - ) + siA + 0(A^^,^) 


A — A+ — - + eg + ei^ + € 2 ^^ 


A — A_ — —— + £ 1 ^ + £ 3 ^^ 


(6.37) 


(6.38) 


(6.39) 


(Note that in the particular case of A^c = 3 the point ^ = 0 is not a branching point of the full spectral curve 
and ^ is a nice local coordinate on all the three sheets.) 

On the “+” sheets 


Vx — 3 { — + (2ei + eg + —) + ( 2 e 2 + 2egei)^ + 0(^^) 


^^ = 6(| + | + f+ 0(1) 


and 


Thus 


-p3 = -p3 - xVt = - 


3_ 3eg + si 6egei , 6egei 


^2 ^ +0(1) = —p + o(i) 


dX + xdoj = —^j^duj = (ei + 0{^))d^ 
as it should be {dX + xdto = d{T + eg + ei^ + ...) + (^ + 0(C^))<7^ = (ci + 0(l))c?^). On the ” sheet 


(6.40) 

(6.41) 

(6.42) 


= -+ 0 ( 1 ) 


18 1 

^ +0(|2. 

27 1 

|4 +0(|J. 




vl = vl-xrl = -^ + o{i.) 


again in accordance with 


-p3 / 3 

dX + xdu! = —^duj = + 0(1) ) d^ 


(6.43) 


(6.44) 
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Algebra of holomorphic differentials 


We claim that for any 


dvi = 


TicLo 


f = 0,1,2 


dQ = qodvo + qidvi 


(6.45) 


(6.46) 


and j = 0,1 


dvidvj 


j ^ C^jdvk j dQ mod (dw, dX) 

\fe=o.i J 


(6.47) 


The notations with hats are introduced to point out that we consider the algebra of duds, which are not 
canonically normalized holomorphic differentials doJi, but certain moduli-dependent linear combinations of them. 
The fact that algebra exists for duds implies that the same is true for dwds, but explicit expressions for duds 
are simpler (of course, doJi’s themselves enter the residue formulas for Fijk). 


At the l.h.s. of (6.47) stands some linear combination of three linear independent quadratic combinations 
Tq, To 71 and T^, i.e. 1, A and A^. At the r.h.s. we have: 


{aoT^ + aiTi)[qoTQ + qiTi) + wP^ mod 


(6.48) 


If ru = 0, there is no chance to adjust two parameters ao and ai to match three coefficients in front of 7^, T'o'd'i 
and w is exactly the necessary third adjustment parameter. However, in order to prove that it can really 
play this role, one should check that mod Vf is indeed equivalent to a non-trivial combination of 

ToTl and (if = 0 and modulo 7^|). 


First of all, 


V: 


Alternatively, one can use 


and 




= 3 (a'‘ - 2A^a: + + si(A^ + |) + ^oA “ ^) = 

= 3Ti - S1T2 + + 3 soTi - ^ 


— —XV^ + T4 + S1T2 + SqTi + 3 (/r 4 + ^) 


74 — TaTj — — 3/U4 


Second, 


thus, indeed. 


^2 = i(7^| - siTo) =-^ mod 7^1, 
^2 = - siro)2 = i mod vl 


K mod Pi 




2sf g 2 


Tq + 3so7o7i + 4si7^^ 


and the r.h.s. of (6.47) is equal to 


rr2 (~ / 2s? 52 X V 

% I Tooo + (-^-^)w' I + 

+%Ti (gioo + qoOLi + 3soui) 4 


(6.49) 

(6.50) 

(6.51) 

(6.52) 

(6.53) 

(6.54) 


{qiai + 4siru) 
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For any given dvidvj with i,j = 0,1 at the l.h.s. of ( |6.47 ), one can now find ao, ai and w (since determinant 
2^2 

D = Aq^si — 3qoqiSo + is non-vanishing for generic values of moduli sq and si), ag and ai being 

just the corresponding (7° and C},. Namely, if the l.h.s. of (6.47) is given by 


+ aoiToTi -I- — ago + agiA + onA^ 


we have: 


^ ao ^ 



1 

«! 

“ D 

, W j 



4goSi-3giSo 9i(^ - y) 


-4gisi 


V 


9? 


4goSi 

-dodi 


- T> 

2^2 

-3goSo + “ y) 


92. 


9o 




Ooi 

V “11 J 


In this way we obtain for the matrices {Co)j = Cqj and (Ci)^ = : 


Cg = 


^ ao(l) 

ao(X) ^ 

1 _ 1 

^ 4goSi - 391 So 

- /2s? 02 \ 

-T> 

^ ai(l) 

ai(A) ! 


V -4gisi 

4goSi j 


I 


Cl = 


( 


1 

15 


9\ 


V 


, 2sf 
4goSi 


92^. 
4 ' 


'ao(A) ao('^^) 
q:i(A) ai(A^) 

It is easy to check that these two matrices commute, 

CgCi = CiCg 

(in fact, qoCg + qiCi = /), what is equivalent to associativity of the algebra 

dvi o dvj = ^ C^jdvk 
k=0,l 


- /2s? 02. 


\ 


o- , - /2sf 92. 

-SqoSo + qi{— - —) y 


(6.55) 


(6.56) 


(6.57) 


(6.58) 


(6.59) 


6.4 Example: Algebra for A^c = 4 


In this case there are three relevant holomorphic differentials: dvg. dvi and dv 2 . while the fourth one, dvg. 
is their linear combination modulo dtu = d^. Thus, this is the simplest example where non-trivial WDVV 
equation could exist. The purpose of this subsection is to give explicit realization of the closed algebra with 
three generators dvo, dvi and dv 2 which is really not associative. We shall closely follow the presentation in the 
previous subsection. 

The spectral curve: 


(6.60) 


'P'^ = 74 -|- S2T2 + siTi + soTq = 

= — 6X^x + 8Xy — 3(x^ -|- ^ 4 ) -I- S 2 (A^ — x) -\- siA -|- sq = 0. 

The choice of the r-dependent parameter /i 4 depends on the particular way of separating Si and r dependencies 


0, which we keep unspecified. 


rt = 


dV^ 

~dX 


— 47^ -I- 2s27j -I- siTq — 


= 4 (^A^ - 3Aa: + 2y + ^X + 


(6.61) 
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and 


V'^ = -= 12 


{X^y - 2\{x^ - ^) + xy + ^y'j 


'Pt = 'Pt- xVx =‘i[xy- SAx^ + iX^y - X^x + y (y - Ax) - + y a) = 

= %, — TiTa + 52(73 — T1T2) + 2 (/i 4 + 52)7) 


The ^ 0 limit As ^ ^ 0, x = A + 0(^^), y = ^ + 0{^), and 




V^=IX--] A + - +S 2 A-- A + - +S 1 A + 0(AO 


i.e. 


with dej) + 25260 + 5i = 0 etc, or 


1 9 

A = A+ = - + Co + ei^ + 62 ^ + ...; 


A — A— — — ^ d“ £ 1 ^ + £ 2 ^^ + • • • 


(Note that if all the moduli Si = 0, on the “+” branches expansion would be rather in powers of i.e 
would be a branching point where three of the four sheets are glued together. We, however, assume that t 

On the “+” sheets 

^SCn + ^ 

-^ + (tiCnCi + + 

2 


Vi = A 


— + (beoCi + 69 + -rr^o + + (66062 + 36 ^ + 6961 + —61)^ + 0(^^) ) ; 




rf, = 12 


^2 I S2 
- 0+6 


26o6i 


and 


Thus, 


'Pt='Pt- xVi = - 


^3 + 

46o + 25260 + 5i ^^1 




+ o(-) = o(-) 


-p4 

dX + xdio = —^^duj = 0(l)d^, 

as it should be {dX + xdw = d{^ + 60 + 61 ^ + ...) + (^ + 0{^‘^))d^ = (61 + 0{l))d^). 
On the ” sheet 


192 


1 


'P^ = r^-xvt = ^ + o{^), 


again in accordance with 


/ N \ / 4 

dX + xdiv = = (^^ + 0(1)j d^=[-^ + 0(1) ) 


Algebra of holomorphic differentials 


dvi = '^^, z = 0,1,2,3 


We claim that for any 


dQ = qodvo + qidvi + q2dv2 


(6.62) 

(6.63) 

(6.64) 

(6.65) 

■5 = 0 

h 0 .) 

( 6 . 66 ) 

(6.67) 

( 6 . 68 ) 

(6.69) 

(6.70) 

(6.71) 

(6.72) 
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and i,j = 0,1, 2 


dvidvj = I E Cijdvk I dQ mod {dui,dX) 

, fc=0,l,2 


(6.73) 


At the l.h.s. of ( 6.73| ) there are some linear combination of six linear independent quadratic combinations 
Tq, %Ti, %T 2 , Ti, 7)72 and 7^^, i.e. 1, A, A^ — x, )?, A(A^ — x) and (A^ — x)^. At the r.h.s. we have: 


(ao7() + aiTi + a2^)(7o'^o + diTi + 92'^ 2 ) + {w^Tq + WiTi)P^ mod 


(6.74) 


If ic = 0, there is no possibility to adjust three parameters ao; cti and a 2 to match six coefficients in front of the 
relevant combinations 7)7j-. wq and wi are additional two adjustment parameters, and there is actually no need 
for the sixth one, since 7^^ is actually reducible to a linear combination of the other five quadratic combinations. 
Thus we should check that mod and also T 2 are equivalent to non-trivial combination of Tq , To7), 

To72, and 7)72 (if = 0 and modulo V^). 


First of all. 


Second, 


— —XP'^ +75 + S2P3 + S1T2 + (so + 12/^4 + 252)71 


71 — 47171 — 3T2 — 3 /i 4 ; 


(6.75) 


71 — 37171 — 27173 — 6547 I; 


(6.76) 


7171 — 47171 — + 3 (—(5/i4 + g2)Ti + (4/^4 + 52)71) — 353 

Using these identities, one can get: 


— —2s 27171 — 3si71^ 


Vt mod {V\Vi) = 

f -^71 — (2so + ~ 6^4 — 252)71- — 


(6.77) 


and 

TiiP^ mod (r\Pt) = 

17g2 

= —3si7171 + ( — 3/^4 — 52 + so)71^+ (6.78) 

+(-~ 4so + 12/44 + 352)71 — siS271 — (— -4s2/44 + — r ^ + 353) 

3 3 16 

From these relations one can read off the structure constants of the algebra. Since, the formulas are too long 
we are not going to presented them here. The fact is, however, that the closed algebra exists, the structure 
constants were explicitly evaluated with the help of the program MAPLE, and we used them to check that the 
algebra is indeed rton-associative, because 


[Co, Cl] - 92, [Co, C2] ~ 91, [Cl, C2] - 90 

(in general, [Ci,Cj] ~ ®k^ijqk)- 


(6.79) 
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